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Abstract In this article, we solve numerically singularly perturbed non-linear auton-
omous initial-value problems (IVPs) by using a non-standard algorithm on a variable
stepsize implementation. On a recent article (Ramos et al. in J Math Chem, To appear)
we had used nonuniform meshes for resolving the difficulties arising from the steep
gradient of the solution in the initial layer. The present method is intended for solving
the nonlinear problem using a nonuniform mesh originated by a suitable strategy pro-
vided for changing the stepsize. Numerical experiments are carried out to verify the
efficiency and accuracy of the method, showing that the new procedure leads to better
results than in (Ramos et al. in J Math Chem, To appear).

Keywords Singularly perturbed initial-value problems · Non-standard algorithm ·
Nonuniform meshes · Variable stepsize implementation

1 Introduction

Singular perturbation problems (SPPs) arise in various branches of applied areas like
fluid dynamics, optimal control, chemical reactor theory, etc. Because of the presence
of a small parameter multiplying the highest derivative, classical numerical methods
fail to yield satisfactory results. Therefore, one has to seek some special methods for
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the numerical solution of SPPs. More details can be found in the books by Doolan
et al. [6] and Miller et al. [14].

Experimental and theoretical results show that an adiabatic tubular reactor, in which
there is occurring a simple first-order irreversible exothermic chemical reaction, can
exhibit multiple stable steady states. The chemical and mathematical models of these
processes can be found in the articles of Aris [1], and Burghardt and Zaleski [3]. The
mathematical models of these chemical reactions are differential equations with the
highest order derivative multiplied by a small positive parameter.

First-order differential equations are frequently employed for describing the dynam-
ics of chemical reactions [2,5,11,12,19]. In this article, we present a procedure for
numerically solving the nonlinear autonomous IVP

{
ε u′(x) = f (u), x ∈ D = [0, 1]
u(0) = A,

(1)

where 0 < ε � 1 is a small parameter (the viscosity coefficient) and u, f (u) ∈ R. We
assume that the IVP in (1) admits a unique solution having an initial layer at x = 0. In
[6], they have solved the nonlinear IVP (1) by exponentially fitted difference (EFD)
schemes after linearizing it by Newton’s quasilinearization.

O’Malley [15] has studied the asymptotic behavior of the solution of the IVPs.
Numerical schemes for linear IVPs are studied in the book by Doolan et. al. [6] by
using EFD schemes. Miller derived an optimal uniform difference scheme for singu-
larly perturbed linear IVPs in [13]. Farrell [7] proposed a class of uniformly convergent
optimal schemes for linear stiff initial-value problems. To apply these methods to non-
linear problems of the type (1), one has to linearize the problem. Alternately, one can
use classical finite difference schemes to linear SPPs on some layer resolving meshes.
One can get more insight about the application of Shishkin mesh to linear IVPs in the
book [14]. In [16] a non-standard explicit algorithm was used for solving a particular
SPP, although the application for a wide range of such kind of problems has not been
studied.

Here, in this article, we directly solve the nonlinear IVP (1) by the non-standard
algorithm in [18] using the nonuniform mesh provided by using a strategy for changing
the stepsize. In [17] the non-standard algorithm has been applied on selected nonuni-
form meshes, showing that the use of nonuniform meshes is essential for numerically
solving singularly perturbed IVPs of the form in (1). Now, the nonuniform mesh is
not chosen in advanced, but is generated along the integration procedure based on a
suitable strategy for changing the stepsize.

The paper is organized as follows: Section 2 reproduces the non-standard algorithm
in [17] for the IVP (1). The formulation of the local truncation error in an appropriate
way for applying the strategy for changing the stepsize is given in Sect. 3. In Sect. 4
we provide the strategy for selecting the stepsize value on each step. Numerical results
are given in Sect. 5 for different examples compared with the results in [17]. Finally,
some conclusions puts an end to the paper.
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2 The non-standard algorithm (NSA)

Let the mesh points of D = [0, 1] be

x0 = 0, xi =
i−1∑
k=0

hk, hk = xk+1 − xk, xN = 1, i = 1, 2, . . . , N − 1.

Suppose we have solved numerically the problem in (1) up to the mesh point xn , and
assuming the localization hypothesis un = u(xn), we want to obtain an approximate
value, un+1, for the solution at the point xn+1 = xn + hn , that is, un+1 � u(xn+1).
For this purpose we consider on the interval [xn, xn+1] the approximation of the IVP

ε u′ = f (u), u(xn) = un, (2)

by the IVP given by

ε z′ = fn + Jn (z − un) + 1

2
Hn (z − un)2 , z(xn) = un , (3)

where

fn = f (un) , Jn = ∂ f (u)

∂ u
(un) , Hn = ∂2 f (u)

∂ u2 (un) , (4)

that is, we have approximated on [xn, xn+1] the function f (u) by its second-order
Taylor polynomial constructed at the point u = un . We can solve the problem in (3)
exactly, that is to say, without local truncation error, by using the difference scheme

zn+1 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

zn − 2 tan
(

d hn
2 ε

)

−d+(b+2 c un) tan
(

d hn
2 ε

) fn , �n > 0 ,

zn − 2 tanh
(

d hn
2 ε

)

−d+(b+2 c un) tanh
(

d hn
2 ε

) fn , �n < 0 ,

zn − 2 hn−2 ε+hn (b+2 c un)
fn , �n = 0 ,

(5)

where

a = fn − un Jn + 1

2
Hn u2

n

b = Jn − un Hn

c = 1

2
Hn

�n = −b2 + 4 a c

d = √ |�n| .
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After applying this scheme we will take as approximation for the true solution of
(1) at xn+1 the value un+1 = zn+1. Repeating the procedure along the nodes on the
integration interval a discrete solution for the problem in (1) will be obtained.

3 Expressions for the local truncation error

We assume that the solution u(x) of (1) is sufficiently smooth. By using Taylor series
expansion one can obtain the following local truncation error (see [17,18])

Tn+1 =
⎧⎨
⎩

1
12 ρ0(u(xn)) h3

n + O(h4
n) , �n = 0 ,

1
24 ρ1(u(xn)) h4

n + O(h5
n) , �n �= 0 ,

where the terms ρ0(u(x)), ρ1(u(x))) have the form

ρ0(u(x)) = −3 u′′(x)
2 + 2 u′(x) u(3)(x)

u′(x)
,

ρ1(u(x)) = 3 u′′(x)
3 − 4 u′(x) u′′(x) u(3)(x) + u′(x)

2 u(4)(x)

u′(x)2 .

Alternatively, in view of the differential equation in (1) the local truncation error
may be expressed in the equivalent form

Tn+1 =
⎧⎨
⎩

1
12 ε3 fn

(
2 fn Hn − J 2

n

)
h3

n + O(h4
n) , �n = 0 ,

1
24 ε4 f 3

n Kn h4
n + O(h5

n) , �n �= 0 ,
(6)

where fn, Jn, Hn are as in (4), and

Kn = ∂3 f (u)

∂ u3 (un) .

Note that, with the exception of Kn , all the terms in the principal term of the local
truncation error in (6) are calculated through the application of the method on each
step, and so this form is more appropriate in order to apply the strategy in the next
section.

4 Strategy for changing the stepsize

In [17] some nonuniform meshes were presented for solving the problem in (1). In
the initial layer region, one requires a fine grid to obtain better approximation for
the numerical solution, while a coarse mesh is enough in the outer region, where the
solution behaves smoothly.

The best results for the numerical examples in [17] were obtained using a proper
combination of Shishkin and Jain meshes [9]. More precisely, first we divided the
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domain [0, 1] into two subdomains as D = [0, τ ) ∪ [τ, 1] and placed N/2 points uni-
formly in the subdomain [0, τ ), and N/2 points nonuniformly in [τ, 1] by following
the idea of the nonuniform mesh as given in [17]. One can notice that in the Shishkin
mesh there is a big deviation between the fine and coarse meshes at the transition
point. By this way we could slowly switch over from fine mesh to coarse mesh at the
transition point. Indeed, this idea worked very well for the test examples given in [17].

The method in [17] was formulated using a fixed stepsize h. The appearance of
the hn in (5) was merely to indicate that is a one-step method, and so we can change
the stepsize accordingly with a suitable strategy. In [17] this strategy consisted in the
election of a priori nonuniform mesh related with the peculiarities of the problem in
(1). However, as some authors have remarked, to be efficient, an integrator based on
a particular formula must be suitable for a variable stepsize formulation [8,10]. There
are mainly two ways to do that, using a formula where the coefficients depend on the
ratios of the step sizes (as in the variable-coefficient linear multistep codes) or using
a second method (as in the embedding Runge-Kutta pairs). In all the cases the goal
is to adjust the step sizes so as to keep the estimated local errors smaller than a given
tolerance and, at the same time, solve the problem as efficiently as possible [24]. So,
a reliable estimate of the local error is needed. For that purpose we will consider the
principal term of the local truncation error in (6) which will be used as an estimate of
the local error on each step, that is

ERR =
⎧⎨
⎩

1
12 ε3 fn

(
2 fn Hn − J 2

n

)
h3

n , �n = 0 ,

1
24 ε4 f 3

n Kn h4
n , �n �= 0 ,

(7)

The strategy considered here for changing the step size is that used on multistep
codes, [4,10,23]: given a tolerance, TOL, for a selected norm, ‖ · ‖, the classical step-
size prediction derived from equating this tolerance to the norm of the estimate of the
local error yields a new stepsize hnew given by

hnew ≈ νhold

(
TOL

‖ERR‖
)1/(p+1)

(8)

where p is the order of the method, and ν is a safety factor whose purpose is to avoid
failed steps and usually takes values on the interval [0, 1]. In view of (7) and taking
hold = hn , the new stepsize for the method in the above sections will result in

hnew = hn+1 =

⎧⎪⎨
⎪⎩

ν ε
(

12 T O L
‖ fn(2 fn Hn−J 2

n )‖
)1/3

, �n = 0 ,

ν ε
(

24 T O L
‖ f 3

n Kn‖
)1/4

, �n �= 0 ,

(9)

where due to the presence of the small factor ε we take ν = ν(ε) = εα , α < 0 in
order to avoid a large number of steps.
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Although there are different strategies for selecting the size of the initial step, hini,
(see [23,26]), we can take a very small value as in [22], and then the algorithm will
correct this value if necessary in accordance with the changing stepsize strategy.

5 Numerical results

To verify the accuracy and efficiency of the present method, we have applied it to vari-
ous test problems. The numerical results are presented in terms of maximum pointwise
errors in the tables. Our main goal is to show the better performance of the method in
variable stepsize formulation on nonuniform layer-resolving meshes provided by the
strategy for changing the stepsize based on an estimate of the local truncation error.

We present the same test examples as in [17], which will be used to compare the
numerical results obtained by the NSA using the nonuniform mesh II in [17] (which
showed the best performance) and the implementation in this article. The value of α

in ν = εα has been taken after numerical experiments as α = −3/4. Although this
is a variable stepsize method we have used a shooting-like procedure to determine
the value of T O L for which the number of variable steps equals the number of steps
on the nonuniform mesh in [17]. The time used in both cases was similar. The tables
show the maximum absolute error along the integration interval with the method in
this article compared with the corresponding errors with the nonuniform mesh in [17].
The initial step has been taken for all examples as hini = 2 × 10−10.

Example 1 The first example is the nonlinear IVP given by

{
ε u′ = exp(−u), x ∈ [0, 1]
u(0) = 0,

whose exact solution is

u(x) = log
(

1 + x

ε

)
.

For each ε the maximum of the absolute errors on the nodal points in the integration
interval is obtained by

E N
ε = max

x j ∈[0,1] |u(x j ) − u j |.

Table 1 corresponds to the data of the NSA on nonuniform mesh II compared with
the variable stepsize formulation of the nonstandard method. One can see how the
proposed scheme provides better results with an increase of one order of accuracy.

Figure 1 corresponds to Example 1, where the sequence of stepsizes on the variable
stepsize formulation have been plotted for ε = 10−5 and N = 128. We observe how
the stepsizes are increasing as the integration proceeds going away from the origin.
The final value for the stepsize has been chosen deliberately so that the last node is
the endpoint of the interval of integration.
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Table 1 Maximum absolute
errors for Example 1 by NSA
using different implementations

ε Mesh points Maximum absolute errors (E N
ε )

Nonuniform mesh II Variable stepsize

10−2 16 1.8475 × 10−2 1.8619 × 10−3

10−3 32 7.5501 × 10−3 5.6657 × 10−4

10−4 64 1.8203 × 10−3 1.4809 × 10−4

10−5 128 3.7546 × 10−4 3.4420 × 10−5

10−6 256 7.2359 × 10−5 6.9974 × 10−6

0.2 0.4 0.6 0.8 1.0

0.02

0.04

0.06

0.08

Fig. 1 Stepsizes used with NSA on variable stepsize implementation for Problem 1, ε = 10−5, N = 128

Example 2 The following nonlinear IVP is a kinetic equation used to describe time
evolution of adsorption under nonequilibrium conditions [12]

{
ε u′ = (1 − u)2, x ∈ [0, 1]
u(0) = 0.1

The exact solution of the IVP is given by

u(x) = 9 x + ε

9 x + 10 ε
.

The maximum absolute errors for this example are close to the machine precision
for nonuniform mesh-II. This is because the non-standard scheme integrates this IVP
without local truncation error, and the only error committed here is the round-off error.
For the variable stepsize implementation we observe that in (7) it is Kn = 0 and so one
can take just one step and the method will result to be exact (except for the round-off
error).
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Table 2 Maximum absolute
error E N

ε for Example 3 by NSA
using different implementations

ε Mesh points Maximum absolute errors (E N
ε )

Nonuniform mesh II Variable stepsize

10−2 16 1.3753 × 10−3 7.2327 × 10−5

10−3 32 9.4651 × 10−5 4.2756 × 10−6

10−4 64 1.5086 × 10−5 3.4386 × 10−7

10−5 128 2.9757 × 10−6 3.5179 × 10−8

10−6 256 5.5314 × 10−7 3.8902 × 10−9

Example 3 The next example is the IVP given by

{
ε u′ = sin(u), x ∈ [0, 1]
u(0) = u0,

whose exact solution is

u(x) = 2 arccot

(
exp

(−x

ε

)
cot

(u0

2

))
.

We take u0 ∈ (π/2, π) in order to assure the existence of a boundary layer at the
initial point.

For this problem we have considered u0 = 2 for the numerical tests. In this case it
is u′(x) > 0 and the solution grows towards the fixed point u(x) = π .

For this problem, we have applied the non-standard algorithm on nonuniform mesh-
II and the variable stepsize implementation. The maximum absolute errors obtained
with both implementations are given in Table 2.

In Fig. 2 the plots of the absolute errors (up) and the sequence of stepsizes (down)
for Example 3 on an interval containing the initial layer using the variable stepsize
implementation are shown for ε = 10−5, and N = 128.

Example 4 The following nonlinear IVP models the kinetic behavior of biosorption
[11,21]:

{
ε u′ = u − u3, x ∈ [0, 1]
u(0) = 0.1 .

The exact solution of this IVP is

u(x) = exp
( x

ε

)
√

99 + exp
( 2 x

ε

) .

Table 3 corresponds to Example 4 for NSA on nonuniform mesh II and on variable
stepsize implementation. The maximum pointwise errors of Table 3 reveal the better
performance of the method on variable stepsize mode.
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Fig. 2 Absolute errors (up) and sequence of stepsizes (down) for Problem 3 (N = 128, ε = 10−5)

Table 3 Maximum absolute
error E N

ε for Example 4 by NSA
using different implementations

ε Mesh points Maximum absolute errors

Nonuniform mesh II Variable stepsize

10−2 16 5.4840 × 10−4 1.2145 × 10−3

10−3 32 8.2133 × 10−5 5.9184 × 10−5

10−4 64 1.7949 × 10−5 4.4481 × 10−6

10−5 128 3.5867 × 10−6 4.2284 × 10−7

10−6 256 6.7191 × 10−7 4.5367 × 10−8

In Fig. 3, we plotted the absolute errors (up) and the sequence of stepsizes (down)
obtained by the NSA using variable stepsizes for ε = 10−5 and N = 128.

6 Conclusions

In this article, we have considered the implementation of the nonstandard method in
[17] using a variable stepsize formulation. The method was intended for singularly
perturbed nonlinear autonomous IVPs. The solution of these problems has a multiscale
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Fig. 3 Absolute errors (up) and sequence of stepsizes (down) for Problem 4 (N = 128, ε = 10−5)

character, and in [17] it was shown the necessity of using special nonuniform meshes
to solve these problems in order to capture the rapidly varying solution inside the initial
layer. If one wants to apply the existing techniques in the literature, then the nonlinear
IVP has to be linearized first and so one may loose many nice properties of the solution
by linearizing the problem. In this paper we have shown that the nonuniform mesh
resulting from the formulation in variable stepsize improves the performance of the
method. The numerical results presented in the previous section reveal this fact.
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